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We approach multipartite entanglement classification in the symmetric subspace in terms of algebraic geom-
etry, its natural language. We show that the class of symmetric separable states has the structure of a Veronese
variety and that its k-secant varieties are SLOCC invariants. Thus SLOCC classes gather naturally into families.
This classification presents useful properties such as a linear growth of the number of families with the number
of particles, and nesting, i.e. upward consistency of the classification. We attach physical meaning to this classi-
fication through the required interaction length of parent Hamiltonians. We show that the states WN and GHZN
are in the same secant family and that, effectively, the former can be obtained in a limit from the latter. This limit
is understood in terms of tangents, leading to a refinement of the previous families. We compute explicitly the
classification of symmetric states with N ≤ 4 qubits in terms of both secant families and its refinement using
tangents. This paves the way to further use of projective varieties in algebraic geometry to solve open problems
in entanglement theory.
I. INTRODUCTION
Entanglement is a cornerstone of quantum information sci-
ence [1], and an essential resource for central quantum ef-
fects. Relevant instances of such effects are the teleporta-
tion of quantum states [2–5], efficient information transmis-
sion throughout dense coding [6], as well as codification of
provably secure information via quantum cryptography [7, 8].
Moreover, entanglement is widely considered a crucial com-
ponent for quantum speed-up in both quantum computations
and quantum simulations [9, 10], and it is now considered to
play a role even in biology [11] and biomimetics [12, 13].
Therefore, the characterisation, quantification, and classifica-
tion of entanglement are crucial milestones in quantum infor-
mation.
In spite of its relevance, there is no general quantification of
entanglement for many-body systems. Rather, quantum states
connected by stochastic local operations assisted with clas-
sical communication (SLOCC), which perform probabilisti-
cally the same quantum tasks, can be collected into entangle-
ment classes, also known as SLOCC classes [14]. Even so,
there is an infinite number of these classes for four or more
parties that may be gathered, in turn, into a finite number
of entanglement families [15–19]. The challenge consists in
providing classifications into families with mathematical and
physical relevance. In this article, we consider the problem of
entanglement classification in the frame of algebraic geome-
try [20–22]. Extending previous works [23], we show that the
class of symmetric separable states corresponds to a Veronese
variety, and that the k-secant varieties constructed from it are
SLOCC invariants. Moreover, the k-secant variety to which
a state belongs determines the maximum rank of the reduced
density matrices of this state and therefore, by a construction
similar to [24], the interaction length of a Hamiltonian having
this state as a ground state, thus establishing a deep connection
with condensed matter. As an example of this connection, we
prove that, if a given state is a ground state of a Hamiltonian
with interaction length k, then with certainty it will belong to
the k-secant variety. Similarly, we know that every state in the
k-secant variety can be constructed or simulated by a Hamil-
tonian with interaction length k. In fact, if the state belongs to
the k-secant variety but not to the k− 1-secant variety, then it
will be a ground state only for Hamiltonians with interaction
length equal to or larger than k. Altogether this provides a
deep physical insight to our classification. Finally, we study in
detail the states WN and GHZN , showing that they are in the
same family and that, effectively, the former can be obtained
in a limit from the latter, providing a constructive procedure
to approach them with vanishing probability.
In the following, we confine our analysis to the symmet-
ric subspace of a system of N identical parties, each of
them described with a finite-dimensional Hilbert space H ≃
C
d
. We shall denote the symmetric subspace of H⊗N by
Sym
[H⊗N ] =: HNsym. Each element of HNsym is invariant
under the action of SN , permuting the factors in each of its
tensor components. Normalizing the state vectors corresponds
as usual to the projective representation in P (HNsym). The di-
mension of HNsym reads
dim
[HNsym] =
(
N + d− 1
N
)
. (1)
For qubits (d = 2), this is N +1. The manifold P (HNsym) has
complex dimension dim
[HNsym] − 1. Once a basis {ej}dj=1
has been selected, an orthogonal basis in HNsym (called the
induced basis) is given by the vectors
|[n0, . . . , nd−1]〉 =
∑
J∈F [n0,...,nd−1]
eJ(1) ⊗ . . .⊗ eJ(N), (2)
where the functions J :{1, . . . , N} → {0, . . . , d − 1} are in
the set F [n0, . . . , nd−1] if they take nj times the value j. The
indices 0 ≤ nj ≤ N fulfill
∑d−1
k=0 nk = N . The vectors|[n0, . . . , nd−1]〉 are not normalized but are proportional to the
2normalized Dicke states for qudits:
|D(N)[n0,...,nd−1]〉 =
(
N !
n0! . . . nd−1!
)−1/2
|[n0, . . . , nd−1]〉.
(3)
For two qubits (N = d = 2), the induced basis reads |[2, 0]〉 =
|00〉, |[1, 1]〉 = |01〉+ |10〉, |[0, 2]〉 = |11〉.
II. ENTANGLEMENT CLASSIFICATION VIA
ALGEBRAIC VARIETIES
We shall show in the following that the entanglement clas-
sification via SLOCC invariance in HNsym is related to well-
known concepts of algebraic geometry. We begin with the
simplest SLOCC class, the separable states, to afterwards con-
struct higher entanglement families and show that they are
SLOCC invariant.
A. Separable States and Veronese Variety
Each separable state ψN in P(HNsym) issues from a state
ψ ∈ P(Cd). If the vector representing the state ψ reads |ψ〉 =∑d−1
j=0 xjej , the vector representing ψN reads
|ψN 〉 =
∑
[n0,...,nd−1]
d−1∏
j=0
x
nj
j |[n0, . . . , nd−1]〉, (4)
i.e. the coordinates of ψN in the induced basis are homo-
geneous monomials of degree N in the d variables xj . In
the projective representation, the homogeneous coordinates
of ψ ∈ P(Cd) = Pd−1 are [x0 : x1 : . . . : xd−1]. Like-
wise, the homogeneous coordinates of ψN ∈ P(HNsym) read
[xN0 : x
N−1
0 x1 : x
N−1
0 x2 : . . . : x
N
d−1].
We therefore have a map νN from Pd−1 to P(HNsym),
νN (ψ) = ψN (5)
which is nothing else but the classical Veronese map in alge-
braic geometry [25]. The image of Pd−1 under the Veronese
map is an algebraic variety with complex dimension d−1, the
Veronese variety V N,d−1 = νN (Pd−1). For qubits, it is a ra-
tional normal curve. It can be characterized by the condition
that the homogeneous coordinates [z[N,0...,0] : z[N−1,1...,0] :
. . . : z[0,...,N ]] of each of its points satisfy the quadratic rela-
tions zIzJ = zKzL if nj(I) + nj(J) = nj(K) + nj(L) for
each 0 ≤ j ≤ d− 1.
The Veronese map is injective, therefore the correspon-
dence between symmetric separable states ψN and points
p ∈ V N,d−1 is one to one. The crucial point is now that
the Veronese variety is a natural SLOCC invariant. Let A
be a SLOCC transformation of the state ψ ∈ P(Cd). A is
an element of the projective group, and it is represented by
A ∈ GL(d,C) (in an abuse of notation that should not lead to
confusion), acting on HNsym as A⊗N . It therefore intertwines
with the Veronese map,
A⊗N (νN (ψ)) = νN (A(ψ)), (6)
which means that a SLOCC transformation amounts simply
to a reparametrization of V N,d−1 in terms of Pd−1. This fact
allows us to derive other SLOCC invariants, corresponding
to entangled states, by constructing other algebraic varieties
from V N,d−1 which in this way inherit its SLOCC invariance.
B. Entanglement Families as Secant Varieties
A natural way to introduce entanglement is to write an en-
tangled symmetric state φ ∈ P(HNsym) in terms of a linear
combination of k separable symmetric vectors,
|φ〉 =
k∑
j=1
cj |ψ(j)N 〉, (7)
where the ψ(j)N (viewed as elements of P(HNsym)) are k differ-
ent points on V N,d−1. Given a state φ, the smallest number
k such that it can be represented this way is called its sym-
metric tensor rank in the mathematical literature, and Schmidt
rank or Schmidt measure in the physical literature (albeit not
usually restricted to the symmetric case). Given two states
related by a SLOCC transformation, their symmetric tensor
rank is the same. Thus symmetric tensor rank is a SLOCC in-
variant. Let us denote the set of states with symmetric tensor
rank smaller than or equal to k as σ∗k(V N,d−1). Clearly, the
sets σ∗k(V
N,d−1) are SLOCC invariant. We say that a state φ
is a proper k-secant state if it belongs to σ∗k(V N,d−1) but not
to σ∗k−1(V
N,d−1), i.e. if its symmetric tensor rank is k. We
say that it is a proper secant state if it belongs to σ∗k(V N,d−1)
for some k.
Crucially for our purposes, σ∗k(V N,d−1) is not closed.
However, its closure with respect to the topology induced
from HNsym [26] is again an algebraic variety, the k-secant
variety σk(V N,d−1) of the Veronese variety [25]. We shall
therefore define the secant entanglement families as follows:
A state φ ∈ P(HNsym) belongs to the k-th entanglement
family if it is an element of the k-secant variety but not of
the (k − 1)-secant variety.
Because V N,d−1 is not a subset of any hypersurface in
P(HNsym), every state in P(HNsym) is located at least in
σdim[HNsym](V
N,d−1), but the maximal k needed to span the
whole space is in fact much lower. Simplifications arise for
qubits, in which case the Veronese variety V N,1 is a rational
normal curve and dim[P(HNsym)] = N . Then we have [27]
dim
[
σk
(
V N,1
)]
= min (2k − 1, N) . (8)
Therefore, the k-secant variety coincides with the total projec-
tive space PN when k = ⌊N2 ⌋+ 1. A related partial result for
qudits is given by the Alexander-Hirschowitz Theorem [28].
C. SLOCC invariance of the Entanglement Families
The k-secant varieties σk(V N,d−1) are SLOCC invariants.
This follows from the injectivity of the Veronese map, the
3fact that the local operator A is invertible and the intertwin-
ing property (6). We consider first proper secants located in
σ∗k . If the k points pj ∈ V N,d−1 are independent (i.e. they de-
fine generic elements of σ∗k\σ∗k−1), their images A⊗N (pj) ∈
V N,d−1 are independent as well and their linear span is there-
fore again in σ∗k\σ∗k−1. This fact is easy to prove for qubits,
because anyN+1 points on the rational normal curve νN (P1)
are independent [25] (see also a proof in [24]). The images of
the k points pj ∈ V N,1 are therefore independent if they are
different, which is guaranteed by the injectivity of νN and A.
We shall define the elements of the tangent manifolds forming
the closure of σ∗k by a limit procedure in the induced standard
topology (see below). Because A is then (trivially) continu-
ous, the result for proper secants carries over to the tangent
varieties of σ∗k , which are mapped onto themselves under a
SLOCC transformation. We conclude that the property of an
arbitrary entangled symmetric state of N qudits to be the lin-
ear combination of exactly k separable symmetric states is a
SLOCC invariant feature. As such it concerns only elements
of σ∗k , for example the GHZN -states. There are, of course,
symmetric entangled states which are linear combinations of
non-symmetric separable states, for example the WN -states.
These states are elements of P(HNsym) and must therefore be-
long to some secant variety σk of V N,1. However, they are not
proper elements but points in one of the tangent varieties of
V N,1, as limits of proper elements in σ∗k(V N,1). This provides
us with a more detailed geometric description of entanglement
beyond the grouping into families. The fact that tangents are
limits of secants entails asymptotic SLOCC equivalence be-
tween some states which belong to different SLOCC classes
but to the same family. A detailed discussion of asymptotic
equivalence between the GHZN and WN -states will be given
below.
We confine ourselves in the following to qubits with
P(HNsym) = PN . In this case, the secant varieties σk(V N,1)
can be characterized as determinantal varieties. Let an el-
ement φ of PN be given by its homogeneous coordinates
[c0 : c1 : . . . : cN ] (the cj are the coordinates of the cor-
responding vector in HNsym, written in the induced basis) and
consider for 1 ≤ j ≤ N − 1 the catalecticant matrix [29, 30]:
Cj(φ) =


c0 c1 · · · cj
c1 c2 · · · cj+1
.
.
.
.
.
.
.
.
.
.
.
.
cN−j cN+1−j · · · cN

 . (9)
In general, a rank k determinantal variety Xk(M) ⊂ PN
is defined by the condition that a m × n matrix M(φ), with
φ ∈ PN has rank k or less for all φ ∈ Xk(M). A stan-
dard theorem of algebraic geometry [31] states now that the
rank k determinantal variety defined via Cj in (9) is just the
k-secant variety σk(V N,1), if k ≤ j. Because the maximal
possible rank of Cj(φ) is ⌊N2 ⌋+1, we recover the result from
(8) for the maximal σk(V N,1). The separable states (located
on the Veronese curve itself) correspond to Cj(φ) with rank
one. This is easy to see, because each point φ on V N,1 has
homogeneous coordinates [xN0 : xN−10 x1 : . . . : xN1 ] , or
cj = x
N−j
0 x
j
1. When plugged into (9), each row is a multiple
of the first, therefore Cj(φ) has rank one.
D. Asymptotic Equivalence Between GHZN and WN States
We shall now look at the GHZN and WN states, and com-
pute the maximal rank of their catalecticant matrices. Let us
recall the definition of the corresponding vectors
|GHZN 〉 = 1√
2
(|0〉⊗N + |1〉⊗N)
=
1√
2
(
|D(N)[N,0]〉+ |D
(N)
[0,N ]〉
)
,
|WN 〉 = 1√
N
(|10 . . . 0〉+ · · ·+ |00 . . . 1〉) = |D(N)[N−1,1]〉,
In order to give examples for the classification of the four-
qubit case, let us also add, for N ≥ 4, the definition of a third
well-known inequivalent for N ≥ 4 class of states, namely
|XN 〉 [24, 32],
|XN (z)〉 = (N − 1)
(
|1〉⊗N + zN−1
√
N |WN 〉
)
, (11)
up to normalization.
Now we can state that for all N ≥ 2 both the GHZN and
WN states belong to σ2(V N,1). On the other hand, forN ≥ 4,
theXN states belong to σ3(V N,1). Indeed, GHZN states have
non-zero c0 = cN = 1, so the rank of all Cj is 2. WN states
have only one non-zero coefficient, namely c1 = 1, and all the
ranks are trivially 2. Both types of states belong therefore to
σ2(V
N,1). As to XN states, they present non-zero c1 and cN ,
with all other coefficients zero. Thus rank [C2(XN )] = 3,
with no higher rank for other Cj(XN ). It follows that XN ∈
σ3(V
N,1).
Obviously, the classification of symmetric states using k-
secant varieties is thus equivalent with the characterization
of elements φ ∈ P(HNsym) via their symmetric tensor border
rank (stbr), which is defined as the maximal rank of Cj(φ)
for j ≤ N/2 [34]. Like the symmetric tensor rank, Schmidt
measure [35] and bond dimension [24], it is a tensor rank, a
measure of the minimal number of components in a tensor de-
composition. We conclude that the stbr gives the number of
separable states appearing in a symmetric tensor decomposi-
tion of φ, if it exists, or, alternatively, the number of separable
states in a symmetric tensor decomposition that, in a certain
limit, produce φ.
III. TWO- AND THREE-QUBIT STATES
CLASSIFICATION
We study now the case of two and three qubits in detail.
In both cases, the second secant variety σ2(V N,1) spans PN .
For N = 2, the Veronese curve consists of the points [1 : z :
z2] ∪ [0 : 0 : 1]. Then
σ∗2 = [λ+µ : λz+µw : λz
2+µw2]∪ [1 : z : z2+µ] . (12)
4It is easy to see that both |GHZ2〉 = [1 : 0 : 1] and |W2〉 =
[0 : 1 : 0] are proper elements of σ∗2(V 2,1).
A proper element ps(p0, p1;λ) of σ∗2(V N,1) not in the
Veronese variety V N,1 can be written as a point on the secant
line s(p0, p1) ⊂ σ∗2(V N,1), represented by |p0〉 + λ(|p1〉 −
|p0〉), where |p0〉 and |p1〉 are vector representatives of differ-
ent points on V N,1, p0 and p1 (later we will slightly abuse
notation by denoting elements of the secant line as p =
p0+λ(p1−p0), whereby we mean the construction presented
here). Notice that σ∗2(V N,1) is not closed in general, i.e. for
generic N .
Let us now consider the limit p1 → p0, which gives the
tangent to V N,1 at p0. Because all elements of V N,1 except
[0 : 0 : . . . : 1] can be written as pj = [1 : zj : z2j : . . . : zNj ],
we write z1(ε) = z0 + ε. An element pt(p0;λ) of the tangent
space at p0 reads therefore (with the slight abuse of notation
mentioned above)
pt(p0;λ) = lim
ε→0
[
p0 +
λ
ε
(p1(ε)− p0)
]
(13)
= [1 : z0+λ : z
2
0 + 2λz0 : z
3
0 + 3λz
2
0 : . . . : z
N
0 +Nλz
N−1
0 ] .
To obtain the point on the tangent whose first homogeneous
coordinate is zero, we write
p˜t(p0) = lim
ε→0
1
ε
(p1(ε)− p0). (14)
For N = 2 we have the special situation that all points on
the tangents, pt = [1 : z0 + λ : z20 + 2λz0], respectively
p˜t = [0 : 1 : 2z0], lie also on proper secants. Namely,
pt(p0;λ) =[1 : z0 + λ : (z0 + λ)
2]− λ2[0 : 0 : 1]
p˜t(p0) =[1 : u : u
2]− [1 : w : w2] , (15)
with u = z0+1/2,w = z0−1/2. That means that all elements
of P2 are proper elements of σ∗2(V 2,1). The set σ∗2(V 2,1) is
closed, i.e. σ∗2(V 2,1) = σ∗2(V 2,1) = σ2(V 2,1). All entangled
symmetric states of two qubits are linear combinations of two
symmetric separable states. The two entanglement families
coincide with the two entanglement classes.
This is no longer the case for N = 3. The tangent points
defined in (13), (14) cannot be expressed as proper elements
of σ∗2(V 3,1), which spans all of P3 only if the tangent variety
is included as its closure. We consider now the tangent to
p0 = [1 : 0 : 0 : 0], since all others can be mapped to it by a
SLOCC transformation. It follows that
pt(p0;λ) =[1 : λ : 0 : 0] ,
p˜t(p0) =[0 : 1 : 0 : 0] . (16)
We call the union of these points (for all p0 ∈ V 3,1) the second
tangent variety τ2(V 3,1) = σ∗2(V 3,1) \ σ∗2(V 3,1).
One recognizes immediately p˜t as the state W3. The state
pt(λ) can be obtained from W3 with the SLOCC transfor-
mation A =
(
1/3 0
1 λ
)
(the vector |0〉 is represented as
(
0 1
)T ).
The state GHZ3 is a proper point of σ∗2(V 3,1). It fol-
lows that there are three entanglement classes for three qubits,
namely elements of V 3,1 (separable), σ∗2(V 3,1)\V 3,1 (sym-
metric superposition, GHZ) and τ2(V 3,1) (asymmetric super-
position, W ). As it is a point of the tangent to [1 : 0 : 0 :
0] =
[|0〉⊗3], the state W3 can be obtained asymptotically
from GHZ3, employing the singular SLOCC transformation
Aε = ε
−1/3
(
0 ε
−1 1
)
,
|W3〉 = lim
ε→0
A⊗3ε |GHZ3〉 . (17)
W. Du¨rr et al [14] perform parameter counting in their
analysis of the three-qubit states and thus remark that the
W3 state class is not dense in the space of states, while the
GHZ3 class has the adequate number of parameters. Here, we
are providing an explicit construction of that fact (for other
perspectives regarding this limit see for instance [36–38]; for
a detailed analysis in algebraic geometry note Ref. [39]).
We now explicitly show the stochastic implementation of
the asymptotic generation of W3 from GHZ3, by first re-
minding the reader of the stochastic implementation of a gen-
eral transformation. Given an invertible matrix A, define the
operators E = A/
√
‖A†A‖ and E¯ = √1− E†E, which
will be associated with a measurement with two possible out-
comes, α and α¯. Starting from a general single qubit state
ψ, the outcome α will appear with probability p(α|ψ) =
〈ψ|E†E|ψ〉, and following the generalised von Neumann-
Lu¨ders rule, the system will be in a state represented by the
normalised vector E|ψ〉/√p(α|ψ) if indeed the outcome α
has been obtained. Correspondingly, p(α¯|ψ) = 〈ψ|E¯†E¯|ψ〉,
and E¯|ψ〉/√p(α¯|ψ). We say that the state Aψ has been ob-
tained if the outcome of the measurement is α, and that the
success probability for that state is p(α|ψ).
For the case of interest, we see that the state A⊗3ǫ (GHZ3)
will be obtained with success probability
p =
4ǫ2
(
3 + 3ǫ2 + ǫ4
)
(
2 + ǫ2 +
√
4 + ǫ4
)3 = 316ǫ2 +O
(
ǫ4
) (18)
so, of course, the probability tends to 0 as ε → 0, as was
only to be expected since W3 and GHZ3 belong to different
SLOCC classes.
IV. FOUR-QUBIT STATES CLASSIFICATION
One sees from (14) that the WN -states are elements of the
tangent lines obtained as limits from σ∗2(V N,1) for all N .
Likewise, the states GHZN are proper elements of σ∗2(V N,1).
However, the higher k-secant varieties allow for many differ-
ent limit procedures, leading to tangent (k− 1)-planes of var-
ious kinds. It follows from our general argument above that
each of them constitutes a different SLOCC invariant.
Let us consider thus N = 4 and construct the correspond-
ing classification. The second secant variety σ2(V 4,1) has di-
mension 3, and it is again classified according to generic se-
cant points (as the GHZ4 state) and tangent points (including
5W4). The third secant variety, σ3(V 4,1), has dimension 4 and
is isomorphic to the whole projective representation P4 of the
symmetric space H4sym according to (8).
For proper 3-secant elements, i.e. in σ∗3(V 4,1)\σ∗2(V 4,1),
we choose three different points p0 6= p1 6= p2 ∈ V 4,1. The
set σ∗3\σ∗2 is the union of the secant planes s(p0, p1, p2), con-
sisting of points
ps(p0, p1, p2;λ, µ) = p0 + λ(p1 − p0) + µ(p2 − p0) , (19)
with λ, µ 6= 0. As emphasized before, none of these points is
located on a secant line s(p′0, p′1) ∈ σ2(V 4,1), apart from the
trivial case {p′0, p′1} ⊂ {p0, p1, p2}, because any five points
of V 4,1 are independent. Therefore σ∗3 describes four-qubit
states which are a linear combination of three symmetric sep-
arable states.
To construct the closure of σ∗3 , we consider the tangent
planes of σ∗3 at p0 = [1 : 0 : 0 : 0 : 0], equivalent to the
generic case. There are two types of them:
1.) The point p1 approaches p0, p1 → p0, while p2 6= p0 is
kept fixed. We find
pt(p0, p2;λ, µ) = lim
ε→0
p0+
λ
ε
(p1(ε)−p0)+µ(p2−p0) , (20)
respectively
p˜t(p0, p2;µ) = lim
ε→0
1
ε
(p1(ε)− p0) + µ(p2 − p0) . (21)
(compare Eqs. (13), (14)). This means that the tangent planes
can be written in terms of tangent lines as follows,
pt(p0, p2;λ, µ) =p
t(p0;λ) + µ(p2 − p0) ,
p˜t(p0, p2;µ) =p˜
t(p0) + µ(p2 − p0) . (22)
We denote the union of these points as the tangent variety
τ3(V
4,1). For example, the state X4 = [0 : 1 : 0 : 0 : w] is an
element of τ3. We have pt(p0;w−1) = [1 : w−1 : 0 : 0 : 0].
With p2 = [0 : 0 : 0 : 0 : 1] and µ = 1, one finds
X4 =[1 : w
−1 : 0 : 0 : 0] + [−1 : 0 : 0 : 0 : 1]
=pt(p0, p2;w
−1, 1) . (23)
We conclude that X4 is a member of a new entanglement
class, as it is neither in σ∗3(V 4,1) (it cannot be written in
terms of three symmetric separable states) nor in σ2(V 4,1), as
GHZ4 and W4 indeed are. It can be obtained asymptotically
from a generic element of σ∗3 , but not from GHZ4, because
GHZ4 ∈ σ∗2 .
2.) The second type of tangent plane is obtained by letting
both p1 and p2 approach p0. The result is
p¯t(p0;λ, µ) = lim
ε,ε′→0
p0 +
λ
ε
(p1(ε)− p0) + µ
ε′
(p2(ε
′)− p0)
=[1 : λ+ µ : 0 : 0 : 0] = pt(p0;λ+ µ) , (24)
with pj = [1 : zj : z2j : z3j : z4j ] and z0,1,2 = 0, ε, ε′. The
resulting points are located on the tangents to V 4,1 and are
therefore elements of σ2, which means that the tangent planes
of the first type exhaust the points in the closure of σ∗3 . We
find finally
P
4 = σ3(V
4,1) = σ∗3(V
4,1) = σ∗3(V
4,1) ∪ τ3(V 4,1) . (25)
We note that V 4,1 ⊂ σ∗2(V 4,1) ⊂ σ∗3(V 4,1) and τ2(V 4,1) ⊂
τ3(V
4,1). The closed variety σ2(V 4,1) contains three en-
tanglement types as before, and we have obtained two oth-
ers, σ∗3(V
4,1)\σ∗2(V 4,1) and τ3(V 4,1). The symmetric four-
qubit states are classified therefore into three (secant) families
(V 4,1, σ2, σ3), a classification that, as presented, can be re-
fined to five families (separable, symmetric superpositions of
two, resp. three states, states of type W4 and τ3, the latter
including the state X4).
V. NESTING
Nesting, i.e. that the classification of N -qubit states carries
over to the case ofN+1 qubits, and thus to higher a number of
qubits, is a desirable property for entanglement classifications
introduced in Ref. [24] in order to make it more practical. In
fact, from the point of view of applications of quantum in-
formation scalability is a crucial property to be assessed, and
a resource classification should take this aspect in considera-
tion.
In the classification presented here there is indeed a natural
nesting structure, which can be described by a natural iden-
tification of σ∗k(V N,1) and σ∗k(V N+1,1) for k ≤ ⌊N2 ⌋ + 1.
This can be constructed by mapping
∑k
r=1 λr|vr〉⊗N ↔∑k
r=1 λr|vr〉⊗(N+1): if the set {|vr〉⊗N}kr=1 is linearly in-
dependent, then the set {|vr〉⊗(N+1)}kr=1 is also linearly in-
dependent [24]. Bear in mind, however, that their closures
can be different.
This statement (that their closures can be different) is best
understood from a nesting property for the tangent varieties,
τk(V
N,1) ≈ τk(V N+1,1), (26)
with k ≤ ⌊N2 ⌋, as shown for the WN state. To un-
derstand the limitation, first consider N = 2, for which
case τ2(V
2,1) = ∅, while τ2(V 3,1) is non empty. Next,
passing to the general case, σ∗M+1(V 2M,1) is identified
with σ∗M+1(V 2M+1,1), while dim(σM+1(V 2M,1) = 2M
and dim(σM+1(V 2M+1,1) = 2M + 1. It follows that
τM+1(V
2M+1,1) is necessarily larger than τM+1(V 2M,1) .
This feature tells us that we can use the classification shown
for N = 4 for partially classifying N = 5. To complete this
latter case we only need to identify the new SLOCC classes in
the tangent variety τ3(V 5,1).
VI. REDUCED DENSITY MATRICES VIA SYLVESTER
CONSTRUCTION
We shall now interpret the symmetric tensor border rank
introduced in section II D in terms of reduced density matri-
ces of subsystems. To this end, we introduce the Sylvester
6construction [29]: Consider an N -qubit vector |ψ〉 ∈
Sym
[(
C
2
)⊗N]
. This vector defines a family of linear trans-
formations, {Ψj}N−1j=1 , as follows. Ψj is a linear transfor-
mation from the dual space
{
Sym
[(
C2
)⊗j]}∗
to the space
Sym
[(
C2
)⊗(N−j)]
, given in physics notation by
Ψj(〈φj |) = 〈φj |ψ〉. (27)
In the induced basis of Sym
[(
C
2
)⊗N]
, the matrix of the j-th
linear transformationΨj is just the catalecticant matrixCj(ψ)
given in (9). The crucial issue is that the reduced density ma-
trix for N − j qubits (i.e. after tracing out j qubits) of state ψ
can be written as
ρ(N−j) = Ψj ◦Ψ†j . (28)
This comes about as follows: the reduced density matrix
is a linear operation of trace one mapping Sym
(H⊗(N−j))
to itself, written in physics notation by dualising as
〈ϕN−j |ρ(N−j)|φN−j〉 = 〈ϕN−j |Trj(|ψ〉〈ψ|)|φN−j〉.
It follows that the rank of ρ(N−j) is precisely that of the lin-
ear transformation Ψj , and that the classification in k-secant
families is a classification in terms of the ranks of the reduced
density matrices. It is important to notice that we are consid-
ering the symmetric rank of the reduced density matrices, i.e.
their rank as acting on the corresponding symmetric Hilbert
spaces; nonetheless it can be computed equally as their rank
when acting on the full tensor Hilbert space.
VII. ENTANGLEMENT FAMILIES AND HAMILTONIANS
A first consequence of this result is that there is a symme-
try, in what regards matrix rank, of reduced density matrices
of N spin-1/2 particles with respect to the central value j =
⌊N/2⌋. Secondly, and crucially to provide a physical under-
standing of the classification in k-secant families, it provides
us with a bound for the interaction length required by a parent
Hamiltonian [24, 40–42] to have this state as a ground state, as
follows. If the reduced density matrix for j particles ρj pos-
sesses a non-trivial kernel ker(ρj), then the projector Pj onto
this kernel is non-negative,Pj ≥ 0. If we construct the Hamil-
tonian H =
∑N
i=1 hi, with hi = 1⊗i−1 ⊗ Pj ⊗ 1⊗N−i−j+1,
then H ≥ 0 and H |ψN 〉 = 0, so |ψN 〉 is in the ground man-
ifold of H . For a j-qubit density matrix in the symmetric
space, the maximum rank is j + 1, since that is the dimension
of the corresponding symmetric space. In the construction of
parent Hamiltonians, we are interested in identifying which is
the smallest j such that rank
(
ρ(j)
)
< j + 1, strictly smaller
than the maximum possible rank. Clearly, given the symmetry
rank
(
ρ(j)
)
= rank
(
ρ(N−j)
)
, the interaction length can then
always be chosen smaller or equal to ⌊N/2⌋+ 1 [24].
Nonetheless, we can improve the bounds easily, obtain-
ing much stronger results. By construction, if a given state
is in σk(V N,1) but not in σk−1(V N,1), then rank (ρ(j)) =
min(j, k), where the density matrix is understood as a linear
operator on the symmetric space. As a consequence, it shows a
non-trivial kernel for j = k, again in the symmetric space, and
this bound is tight, which means that this is the minimal pos-
sible interaction length for a translation-invariant frustration-
free Hamiltonian to have this state as a ground symmetric
state. This bound improves drastically the one obtained in
Ref. [24]. This may be illustrated with the WN state, which
is always in σ2(V N,1), so the predicted interaction length is
j = 2, compared to j ≤ ⌊N2 ⌋+1, and indeed, in Ref. [24] we
provided a parent Hamiltonian with interaction length 2 for all
N .
VIII. DISCUSSION AND CONCLUSIONS
The relationship between entanglement theory for pure
states and algebraic geometry is extremely deep. For instance,
although we have limited ourselves to the symmetric case and
Veronese secant varieties, there is a natural extension for the
general case of qudits in terms of Segre´ embeddings and the
corresponding secant varieties. The Segre´ embedding is given
by ([ψ], [φ]) → [ψ ⊗ φ] in the bipartite case (for a geometric
application in entanglement see for instance [20]), and iden-
tifies the class of separable states in any bipartition as a de-
terminantal variety. Furthermore, the problem of classifica-
tion of entanglement in the multipartite case corresponds to
the old problem of the classification of orbits of the projec-
tive group P (GL (H1)×GL (H2)× · · · ×GL (Hn)) in the
projective space P (H1 ⊗H2 ⊗ · · · ⊗ Hn). In this vein, the
six SLOCC classes of three qubits presented in [14] give the
full answer to the problem in that case. Several authors have
already used the approach of algebraic geometry to advance
towards a full SLOCC classification, see in particular [21] and
[22], and it remains a fruitful avenue to explore further.
We have proposed the study of multipartite entanglement
classification in the language of algebraic geometry. In this
line of thought we have used our results to illuminate the con-
nection between the GHZN and WN classes in more physical
terms: the secant level to which a state first belongs is equal
to the minimum interaction length of its parent Hamiltonians.
Finally, we believe that algebraic geometry will provide novel
tools and a fresh view to the intricate problems of entangle-
ment in quantum information [43].
The authors acknowledge support from Spanish MINECO
FIS2015-69983-P, UPV/EHU UFI 11/55, and TRR80 of the
Deutsche Forschungsgemeinschaft.
[1] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Quantum entanglement. Rev. Mod. Phys. 81, 865 (2009).
[2] C. H. Bennett, G. Brassard, C. Cre´peau, R. Jozsa, A. Peres,
7and W. K. Wootters, Teleporting an unknown quantum state via
dual classical and Einstein–Podolsky–Rosen channels. Phys.
Rev. Lett. 70, 1895 (1993).
[3] D. Bouwmeester, J.-W. Pan, K. Mattle, M. Eibl, H. Weinfurter,
and A. Zeilinger, Experimental quantum teleportation. Nature
390 (6660) 575 (1997).
[4] M. Riebe, H. Ha¨ffner, C. F. Roos, W. Ha¨nsel, J. Benhelm, G.
P. T. Lancaster, T. W. Ko¨rber, C. Becher, F. Schmidt-Kaler, D.
F. V. James, and R. Blatt, Deterministic quantum teleportation
with atoms, Nature 429, 734 (2004).
[5] M. D. Barrett, J. Chiaverini, T. Schaetz, J. Britton, W. M. Itano,
J. D. Jost, E. Knill, C. Langer, D. Leibfried, R. Ozeri, and
D. J. Wineland, Deterministic quantum teleportation of atomic
qubits, Nature 429, 737 (2004).
[6] C. H. Bennett and S. J. Wiesner, Communication via one-
and two-particle operators on Einstein-Podolsky-Rosen states.
Phys. Rev. Lett. 69, 2881 (1992).
[7] C. H. Bennett and G. Brassard, Quantum cryptography: Public
key distribution and coin tossing. Proceedings of IEEE Interna-
tional Conference on Computers, Systems and Signal Process-
ing, 175, 8 (1984).
[8] N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden, Quantum cryp-
tography. Rev. Mod. Phys. 74, 145 (2002).
[9] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information (Cambridge University Press, 2000).
[10] P. W. Shor, Polynomial-time algorithms for prime factorization
and discrete logarithms on a quantum computer. SIAM J. Comp.
26, 1484 (1997).
[11] M. Mohseni, P. Rebentrost, S. Lloyd, and A. Aspuru-Guzik.
Environment-assisted quantum walks in photosynthetic energy
transfer. J. Chem. Phys. 129, 174106 (2008).
[12] U. Alvarez-Rodriguez, M. Sanz, L. Lamata, and E. Solano.
Biomimetic cloning of quantum observables. Scientific Reports
4, 4910 (2014).
[13] U. Alvarez-Rodriguez, M. Sanz, L. Lamata, and E. Solano. Ar-
itificl life in quantum technologies. Scientific Reports 6, 4910
(2016).
[14] W. Du¨r, G. Vidal, and J. I. Cirac., Three qubits can be entangled
in two inequivalent ways. Phys. Rev. A 62, 062314 (2000).
[15] F. Verstraete, J. Dehaene, B. de Moor, and H. Verschelde, Four
qubits can be entangled in nine different ways. Phys. Rev. A 65,
052112 (2002).
[16] L. Lamata, J. Leo´n, D. Salgado, and E. Solano, Inductive classi-
fication of multipartite entanglement under stochastic local op-
erations and classical communication. Phys. Rev. A 74, 052336
(2006).
[17] L. Lamata, J. Leo´n, D. Salgado, and E. Solano, Inductive entan-
glement classification of four qubits under stochastic local op-
erations and classical communication. Phys. Rev. A 75, 022318
(2007).
[18] M. Walter, B. Doran, D. Gross, and M. Christandl, Entan-
glement polytopes: multiparticle entanglement from single-
particle information. Science 340, 1205 (2013).
[19] T. Bastin, S. Krins, P. Mathonet, M. Godefroid, L. Lamata,
and E. Solano. Operational families of entanglement classes for
symmetric N -qubit states. Phys. Rev. Lett. 103, 070503 (2009).
[20] D. C. Brody and L. P. Hughston, Geometric quantum mechan-
ics. Journal of Geometry and Physics 38, 19 (2001).
[21] A. Miyake, Classification of multipartite entangled states
by multidimensional determinants. Phys. Rev. A 67, 012108
(2003).
[22] F. Holweck, J.-G. Luque, and J.-Y. Thibon, Geometric descrip-
tions of entangled states by auxiliary varieties. Journal of Math-
ematical Physics 53, 102203 (2012).
[23] D. C. Brody, A.C. T. Gustavsson, and L. P. Hughston. Entan-
glement of three-qubit geometry. Journal of Physics 67, 012044
(2007).
[24] M. Sanz, I. L. Egusquiza, R. Di Candia, H. Saberi, L. Lamata,
and E. Solano, Entanglement classification with matrix product
states. Scientific Reports 6, 30188 (2016).
[25] J. Harris, Algebraic Geometry. A First Course (Springer, 1992).
[26] The closure is usually defined with respect to the Zariski topol-
ogy [25], which is weaker than the induced one. For our pur-
pose, however, it is convenient to use the standard (induced)
topology, where all limit procedures are well-defined.
[27] Theorem 11.32 in [25].
[28] J. Alexander and A. Hirschowitz, Polynomial interpolation in
several variables. J. Alg. Geom. 4, 201 (1995).
[29] J. J. Sylvester, Cambridge and Dublin Mathematical Journal
VII, 52 (1852).
[30] The term catalecticant matrix has in fact been used mostly in
the case of secant Veronese varieties for qudits, see for example
[33]; we extend the usage to this case.
[31] Proposition 9.7 in [25].
[32] A. Osterloh and J. Siewert. The invariant-comb approach and
its relation to the balancedness of multipartite entangled states.
New Journal of Physics 12, 075025 (2010).
[33] J. M. Landsberg and G. Ottaviani, Equations for secant varieties
of Veronese and other varieties. Annali di Matematica Pura ed
Applicata 192, 569 (2013).
[34] J. M. Landsberg and Z. Teitler, On the ranks and border ranks of
symmetric tensors, Foundations of Computational Mathematics
10, 339 (2010).
[35] J. Eisert and H. J. Briegel, Schmidt measure as a tool for quan-
tifying multiparticle entanglement. Phys. Rev. A 64, 022306
(2001).
[36] E. Chitambar, R. Duan, and Y. Shi, Tripartite entanglement
transformations and tensor rank. Phys. Rev. Lett., 101, 140502,
(2008).
[37] P. Vrana and M. Christandl, Asymptotic entanglement transfor-
mation between W and GHZ states, Journal of Mathematical
Physics 56, 022204 (2015).
[38] N. Yu, C. Guo, and R. Duan, Obtaining a W state from a
Greenberger-Horne-Zeilinger state via stochastic local oper-
ations and classical communication with a rate approaching
unity, Phys. Rev. Lett. 112, 160401 (2014).
[39] F. Holweck and P. Le´vay, Classification of multipartite systems
featuring only |W 〉 and |GHZ〉 genuine entangled states. Jour-
nal of Physics A: Mathematical and Theoretical, 49 085201
(2016).
[40] M. Sanz, M. M. Wolf, D. Pe´rez-Garcı´a, and J. I. Cirac, Matrix
product states: Symmetries and two-body Hamiltonians. Phys.
Rev. A 79, 042308 (2009).
[41] H.-H. Tu and M. Sanz, Exact renormalization in quantum spin
chains. Phys. Rev. B 82, 104404 (2010).
[42] A. Cadarso, M. Sanz, M. M. Wolf, J. I. Cirac, and D. Pe´rez-
Garcı´a, Entanglement, fractional magnetization, and long-
range interactions. Phys. Rev. B 87, 035114 (2013).
[43] F. Holweck, H. Jaffali, and I. Nounouh. Grover’s algorithm and
the secant varieties, Quantum Information Processing 15, 4391
(2016)
